Abstract. The existence results of positive nontrivial solutions for a class of even order p-Laplacian systems are obtained. The proof of our main results is based on a well-known fixed point theorem in cones.
INTRODUCTION
Equations of the p-Laplacian form occur in the study of non-Newtonian fluid theory and the turbulent flow of a gas in a porous medium. Because of the important background, there are many papers devoted to the study of differential equations with p-Laplacian. For the scalar equation, we refer the readers to [1] (one-dimensional p-Laplacian), [2, 3, 4] (fourth order p-Laplacian), [5] (2nth-order p-Laplacian). For the system, Djebali, Moussaou and Precup [6] have shown some existence results for a fourth-order nonlinear p-system
(ϕ p (u 1 )) = λ 1 a 1 (t) f 1 (u 1 , u 2 ), t ∈ (0, 1), (ϕ p (u 2 )) = λ 2 a 2 (t) f 2 (u 1 , u 2 ), t ∈ (0, 1), u 1 (0) = u 1 (1) = u 1 (0) = u 1 (1) = 0, A comparison of the obtained results to those from the literature is provided. In addition, there are many authors studying a system of different order equations. An [7] and An and Fan [8] investigated a coupled system of second and fourth order equations. Kang, Xu and Wei [9] , Prasad and Kameswararao [10] , Ru and An [11] and Yang [12] studied the 2p-2q order nonlinear ordinary differential systems
via the classical Krasnosel'skii's fixed point theorem of cone compression and expansion under the following assumption
Inspired by these results, this paper is mainly concerned with the existence of positive solutions of system of even-order p-Laplacian nonlinear equations
where
to the p-Laplacian. We give some more weaker conditions of the nonlinearities than f 0 and f ∞ , such as (H1) There exist a constant α > 0 and a continuous function
is a nondecreasing function with respective to u and v, (ii) Φ i (α, α) ≤ κα p i −1 , for some κ > 0, κ will be given specific value in Section 3, such that
(H2) There exist a constant β > 0 and a continuous function
is a nondecreasing function with respective to s, (ii) ψ i (σ β ) ≥ µβ p i −1 , for some µ > 0, µ will be given specific value in Section 3,
, and δ ∈ (0,
This paper is organized as follows. In Section 2, we give some preliminaries. In Section 3, we give the main results in this paper.
PRELIMINARIES
Let G n (t, s) be the Green's function of the linear boundary value problem:
By the induction, the Green's function G n (t, s) can be expressed as (see [11] )
It is clear that
Lemma 2.1 ([11]
). G n (t, s) has the following properties
, the solution of the boundary value problem
can be expressed by
where ϕ q stands for the inverse function ϕ q = ϕ −1 p with conjugates p, q, i.e.,
where the norm u = max 0≤t≤1 |u(t)|.
Now we define a mapping T :
and K be the sub-cone defined by
It is obvious that 0 < σ < 1. This completes the proof.
Proof. First, we show that T (K) ⊂ K. In fact, we find from Lemma 2.2, for any
Furthermore, we get
Now, we prove that T is completely continuous. For convenience, we only show that T 1 :
. From the continuity of f 1 (u(t), v(t)) and the Lebesgue dominated convergence theorem, we find that
which implies that T 1 is continuous.
Let Ω be a bounded subset in
Hence T 1 (Ω) is an equibounded set. Finally, we prove the that equicontinuity of
Using Lemma 2.1, we find, for any t ∈ [0, 1], that
Then, for ∀ t 1 ,t 2 ∈ [0, 1],t 2 > t 1 , we have
which implies that T 1 (Ω) is equicontinuous on [0, 1]. From the Ascoli-Arzelá theorem, we get T 1 :
The similar discussion is also hold for T 2 . Therefore, T is completely continuous.
For convenience, let D be a subset of X. We introduce the notions
Lemma 2.4 ([13]
). Let X be a Banach space and K be a cone in X. Assume Ω 1 and Ω 2 are open bounded subsets of X with
there exists e ∈ K \ {0} such that u = Tu + λ e, f or u ∈ ∂ K Ω 2 and λ > 0.
Then T has a fixed point in Ω 2 K \ Ω 1 K . The same conclusion remains valid if (A) holds on ∂ K Ω 2 and (B) holds on ∂ K Ω 1 .
For convenience, for any γ > 0, we define some adequate open sets by
(u(t) + v(t)) < σ γ},
Referring to [14, 15] , we can obtain the following.
Lemma 2.5. Ω γ and B γ have the following properties: So (a 4 ) holds. This completes the proof. Remark 2.6. It is easy to see that Ω γ is unbounded for each γ > 0. So we can not apply Lemma 2.4 to Ω γ , however, we can apply Lemma 2.4 by taking into account that, for each ρ > γ, the following relations
where q i are the conjugates of p i , i = 1, 2, i.e., 
Proof. From Lemma 2.4 and Lemma 2.5, we just need to prove
Part (I). For any (u, v) ∈ ∂ K B α , we find from (H1) and Lemma 2.1 that
In a similar way, we also get
It follows that
which implies that (A) holds. Let e = (1, 1). Now we prove that
On the contrary, if there exist a pair of (u 0 , v 0 ) ∈ ∂ K Ω β and λ 0 > 0 such that
then we from (a 4 ) of Lemma 2.5 that
Furthermore, for δ ≤ t ≤ 1 − δ , we find from (H2) and Lemma 2.1 that
In a similar way, we also have
which contradicts with the statement (a 3 ) of Lemma 2.5. So (B) holds. Now, we suppose that α < σ β . Using Lemma 2.5, one has
On the other hand, since σ (u, v) ≤ min (u(t) + v(t)).
Therefore, the conclusion II holds. 
and
.
exists, there exists a sufficiently small α > 0 such that (H1) holds. Since ψ 1 (σ β ) = σ 3 β 3 , ψ 2 (σ β ) = σ 4 β 4 , there exists a sufficiently large β > 0 such that (H2) holds. Therefore, by (I) of Theorem 3.1, problem (3.1) has a positive solution. there exists a sufficiently small β > 0 such that ψ i (σ β ) > β 3 . Therefore, by (II) of Theorem 3.1, problem (3.2) has a positive solution.
